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Abstract
A simple connected graph G is called a p−quasi k−cyclic graph, if there exists
a subset S of vertices such that |S| = p, G \ S is k−cyclic and there is no a subset
S′ of V (G) such that |S′| < |S| and G \ S′ is k−cyclic. The aim of this paper is
to characterize graphs with maximum values of Zagreb indices among all p−quasi
k−cyclic graphs with k ≤ 3.
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1 Introduction
Throughout this paper all graphs are assumed to be simple and connected. We use the
notations Pn, Cn, Sn andKn to denote the n−vertex path, cycle, star and complete graph,
respectively. The cyclomatic number of G is defined as C(G) = |E(G)| − |V (G)|+ 1 and
if C(G) = k then we say that G is k−cyclic. In the special cases that k = 0, 1, 2, 3 the
graph is called tree, unicyclic, bicyclic and tricyclic, respectively. The set of all k−cyclic
graphs on a fixed vertex set of size n is denoted by Ck(n) and NG(v) is the set of all
neighbours of v in G.
A vertex of degree 1 is named a pendant vertex and an edge containing a pendant
vertex is called a pendant edge of G. The maximum and minimum degrees of vertices are
denoted by ∆ = ∆(G) and δ = δ(G), respectively. A simple connected graph G is called
a p−quasi k−cyclic graph, if there exists a subset S of vertices such that |S| = p, G \S is
k−cyclic and there is no a subset S ′ of V (G) such that |S ′| < |S| and G \ S ′ is k−cyclic.
The set of all such graphs is denoted by QpC
k(n). Our other notations are standard and
can be taken from the standard books on graph theory.
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B3,3n
Figure 1: The bicyclic graph B3,3n in Theorem 1.3.
n− 5
qn(n− 4, 1, 1, 1, 1)
n− 4
Kn(n− 3, 1, 1, 1)
Figure 2: The tri-cyclic graphs qn(n− 4, 1, 1, 1, 1) and Kn(n− 3, 1, 1, 1) in Theorem 1.4.
The Zagreb indices are the most degree-based graph invariants were introduced by
Gutman and Trinajstic´ [4]. These graph invariants can be defined as:
M1(G) =
∑
v∈V (G)
(d(v))2,
M2(G) =
∑
uv∈E(G)
(d(u)d(v)).
The following theorem is useful in our main results:
Theorem 1.1. (See [1, 5]). Let T be a tree of order n. If T is different from Sn, then
M1(T ) < M1(Sn) and M2(T ) < M2(Sn).
Let U3n be the unicyclic graph obtained from the cycle C3 by attaching n− 3 pendent
edges to the same vertex on C3.
Theorem 1.2. ( See [7, 8]). U3n is the unique graph with the largest Zagreb indices M1
and M2 among all unicyclic graphs with n vertices.
Theorem 1.3. ( See [3]). B3,3n is the unique graph with the largest Zagreb indices M1
and M2 among all bicyclic graphs with n vertices, see Figure 1.
Theorem 1.4. ( See [2]). Among all tri-cyclic graphs with n(≥ 5) vertices,
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1. Kn(n − 3, 1, 1, 1) and qn(n − 4, 1, 1, 1, 1) have the maximum values of first Zagreb
index.
2. The graph Kn(n− 3, 1, 1, 1) has maximum value of the second Zagreb index.
Suppose G and H are two simple graphs. The union G∪H is a graph with vertex set
V (G)∪ V (H) and edge set E(G)∪E(H). The join of G and H is a graph with the same
vertex set as G ∪H and E(G+H) = E(G) ∪ E(H) ∪ {xy | x ∈ V (G), y ∈ V (H)}. Our
other notations are standard and can be taken from [6].
2 Main Results
The aim of this paper is to characterize graphs with maximum values of Zagreb indices
among all p−quasi k−cyclic graphs with k ≤ 3.
Theorem 2.1. Let G be a p−quasi k−cyclic graph. If S ⊂ V (G), |S| = p and G− S ∈
Ck(n− p), then
1. M1(G) ≤ M1(G− S) + p(4k + n
2 + 2n+ p(n− 4)− p2 − 3),
2. M2(G) ≤ M2(G−S) + pM1(G−S) + (k+n−p−1)(p
2+2p(n−1)) + p(p−1)(n−1)
2
+
p2(n− p)(n− 1),
with equality in each if and only if G ∼= (G− S) +Kp.
Proof. To prove (1), we assume that u ∈ V (G − S) and define lu to be the number of
vertices in S adjacent to u. By definition of M1,
M1(G) =
∑
u∈V (G−S)
d2G(u) +
∑
u∈S
d2G(u) =
∑
u∈V (G−S)
(dG−S(u) + lu)
2 +
∑
u∈S
d2G(u).
By simplifying this equalities,
M1(G) =
∑
u∈V (G−S)
(d2G−S(u) + l
2
u + 2dG−S(u)lu) +
∑
u∈S
d2G(u)
= M1(G− S) +
∑
u∈V (G−S)
l2u +
∑
u∈V (G−S)
2dG−S(u)lu +
∑
u∈S
d2G(u)
≤ M1(G− S) +
∑
u∈V (G−S)
p2 +
∑
u∈V (G−S)
2dG−S(u)p+
∑
u∈S
(n− 1)2
= M1(G− S) + (n− p)p
2 + 4p(k + n− p− 1) + p(n− 1)2
= M1(G− S) + p(4k + n
2 + 2n+ p(n− 4)− p2 − 3).
The equality holds if and only if for each u ∈ V (G − S), lu = p and for every vertex
u ∈ S, we have dG(u) = n−1. This condition is satisfied if and only if G ∼= (G−S)+Kp,
proving the first part of theorem.
To prove (2), we assume that u∗v∗ is an edge of G such that u∗ ∈ V (G − S) and
v∗ ∈ S. By definition of M2,
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M2(G) =
∑
uv∈E(G−S)
dG(u)dG(v) +
∑
uv∈E(G−(G−S))
dG(u)dG(v)
+
∑
u∗v∗∈E(G)
dG(u
∗)dG(v
∗)
=
∑
uv∈E(G−S)
(dG−S(u) + lu)(dG−S(v) + lv) +
∑
uv∈E(G−(G−S))
dG(u)dG(v)
+
∑
u∗v∗∈E(G)
(dG−S(u
∗) + lu∗)dG(v
∗).
By simplifying the last equality,
M2(G) =
∑
uv∈E(G−S)
(dG−S(u)dG−S(v) + dG−S(u)lv + dG−S(v)lu + lulv)
+
∑
uv∈E(G−(G−S))
dG(u)dG(v) +
∑
u∗v∗∈E(G)
(dG−S(u
∗)dG(v
∗) + dG(v
∗)lu∗).
Therefore,
M2(G) = M2(G− S) +
∑
uv∈E(G−S)
(dG−S(u)lv + dG−S(v)lu + lulv)
+
∑
uv∈E(G−(G−S))
dG(u)dG(v) +
∑
u∗v∗∈E(G)
(dG−S(u
∗)dG(v
∗) + dG(v
∗)lu∗)
≤ M2(G− S) + p
∑
uv∈E(G−S)
(dG−S(u) + dG−S(v) + p)
+
∑
uv∈E(G−(G−S))
(n− 1)2 +
∑
u∗v∗∈E(G)
(dG−S(u
∗)(n− 1) + (n− 1)p)
= M2(G− S) + pM1(G− S) + (k + n− p− 1)p
2 +
p(p− 1)(n− 1)2
2
+ 2p(n− 1)(k + n− p− 1) + p2(n− p)(n− 1)
= M2(G− S) + pM1(G− S) + (k + n− p− 1)(p
2 + 2p(n− 1))
+
p(p− 1)(n− 1)
2
+ p2(n− p)(n− 1).
The equality is satisfied if and only if for each u ∈ V (G−S), lu = p and for every vertex
u ∈ S, dG(u) = n−1. This condition is also equivalent to the fact that G ∼= (G−S)+Kp.
This completes the proof.
Theorem 2.2. Suppose A = {H1, H2, ..., Hr} ⊂ C
k(n − p), H ∈ Ck(n − p) \ A, B =
{Hi +Kp|i = 1, 2, ..., r} and G ∈ QpC
k(n) \ B. If M1(H) < M1(H1) = ... = M1(Hr) and
M2(H) < M2(H1) = ... = M2(Hr), then
1. M1(G) < M1(H1 +Kp) = · · · = M1(Hr +Kp),
2. M2(G) < M2(H1 +Kp) = · · · = M2(Hr +Kp).
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Proof. By Theorem 2.1(1), for each i, 1 ≤ i ≤ r, M1(Hi +Kp) = M1(Hi) + p(4k + n
2 +
2n+ p(n− 4)− p2− 3). Since G 6∈ B, for every subset S of V (G) with this property that
G− S ∈ Ck(n− p), we have G− S 6∈ A or G− S ∈ A and G 6= (G− S) +Kp. Thus, by
Theorem 2.1(1), M1(G) < M1(H1 +Kp) = ... =M1(Hr +Kp). To prove the second part,
we apply Theorem 2.1(2) and a similar argument as above.
From Theorems 1.1, 1.2, 1.3, 1.4 and 2.2, we have the following corollary.
Corollary 2.3. Suppose n is a given positive integer and G ∈ QpC
k(n). Then,
1. If k = 0 and n ≥ p+2 then M1(G) ≤ M1(Sn−p+Kp) and M2(G) ≤M2(Sn−p+Kp).
Hence Sn−p + Kp has the maximum first and second Zagreb indices in the class
QpC
0(n) with n ≥ p + 2.
2. If k = 1 and n ≥ p+3 then M1(G) ≤M1(U
3
n−p+Kp) and M2(G) ≤M2(U
3
n−p+Kp).
Hence U3n−p + Kp has the maximum first and second Zagreb indices in the class
QpC
1(n) with n ≥ p + 3.
3. If k = 2 and n ≥ p+4 then M1(G) ≤ M1(B
3,3
n−p+Kp) and M2(G) ≤M2(B
3,3
n−p+Kp).
Hence B3,3n−p + Kp has the maximum first and second Zagreb indices in the class
QpC
2(n) with n ≥ p + 4.
4. If k = 3 and n ≥ p+5 thenM1(G) ≤M1(Kn−p(n−p−3, 1, 1, 1)+Kp) =M1(qn−p(n−
p−4, 1, 1, 1, 1)+Kp). Hence Kn−p(n−p−3, 1, 1, 1)+Kp and qn−p(n−p−4, 1, 1, 1, 1)+
Kp have the maximum first Zagreb index in the class QpC
3(n) with n ≥ p+ 5.
5. If k = 3 and n ≥ p + 5 then M2(G) ≤ M2(Kn−p(n − p − 3, 1, 1, 1) + Kp). Hence
Kn−p(n − p − 3, 1, 1, 1) + Kp has the maximum second Zagreb index in the class
QpC
3(n) with n ≥ p + 5.
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